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An active two-neutrino state’s coupling to an intermediate scalar meson, and thence to a two-
antineutrino state, is one idea for catalyzing transitions from active to sterile neutrinos, in an
implementation of the Dodelson-Widrow proposal for the production of sterile and somewhat massive
neutrinos as dark matter candidates. We propose some mechanics that promises to use the very same
model with the same mass and coupling parameters, in order to achieve similar results, but orders
of magnitude faster; or alternatively, similar results but beginning with vastly reduced coupling
constants. The model then would become much less constrained by consistency with laboratory and
astrophysical data.
1. INTRODUCTION
Recently the reaction ν¯e+ν¯e ↔ νx+νx, as mediated by
an intermediate scalar meson, in conjunction with a stan-
dard bilinear coupling with a sterile neutrino νs, has been
used [1] in a promising implementation of the Dodelson-
Widrow proposal [2] for the production of dark matter
as composed of sterile neutrinos. Here νx stands for an-
other active neutrino species, νµ or ντ . The time frame is
centered in the era of conventional neutrino decoupling.
Another recent work [3] has addressed the changes in
standard early universe results in the same scalar cou-
pling model, but leaving out the sterile neutrino alto-
gether. These authors find some relatively minor changes
but ones that might be checked in the current era of ever
more precise data. The present paper bears on both of
the above-cited works; more definitively on the second,
but more interestingly on the first.
In both exercises we have ν¯e+ν¯e ↔ νx+νx, in which all
participating neutrinos are left-handed, coupled through
an intermediate scalar meson that has no other couplings
except to active neutrinos. Here νx stands for some mix-
ture of νµ and ντ . In both of the works cited above,
this reaction enters only through its cross-section in vac-
uum. This is of the order G2 in some generic 4-Fermi
coupling constant G, leading to a characteristic time Tc
for a macroscopic effect of Tc ∼ [G2E2νnν ]−1. Our re-
placement, based on coherent many-body amplitudes, is
capable, under some circumstances, of achieving total fla-
vor mixing in time Tc ∼ [Gnν ]−1 log Λ, where log Λ could
be as big as 30. The word “rate” is inapplicable here
since the behavior consists of a long wait with only a
tiny bit happening, followed by a rapid transition.
We shall consider only time intervals in which or-
dinary scattering in the medium is negligible and for
which T << m−2ν E, in order to preserve the coherence
that drives the effect. And we consider only amplitudes
in which, in any two-ν sub-amplitude, only reactions
like ν(p) + ν(q)↔ ν¯(p) + ν¯(q) enter, with momentum
“preservation”, not just momentum conservation. With
genuinely massless particles (such as the gravitons and
photons considered in ref. [8]) we then would have en-
ergy and momentum exactly conserved in every reaction.
Fig. 1 illustrates a miscellaneous 8-ν process, showing
some conversion vertices (black-circles) amidst a swarm
of eight neutrinos that are incoming from different direc-
tions. It is amazing at first glance that there is a coher-
ent part to this graph that would survive averaging over
angles when we are simulating an initial isotropic distri-
bution and then summing over energy distributions. The
reader can imagine how the combinatorial factors build
up in a complete perturbative expansion with the num-
bers of particles that participate coherently increasing,
order by order, as a power of total particle number N. In
what follows we develop the applicable equations for the
non-perturbative approach and solve them numerically.
We do all calculations in a periodic box somewhat larger
than cT .
antineutrino
neutrino
FIG. 1:
Secs. 2-5 are devoted to the system without the cou-
pling to steriles. Sec. 6 incorporates the mixing with
them, but is less definitive, because of computational
stresses connected to getting to the extremely small mix-
ing angles that the literature demands and because of
sensitive parameter dependence.
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22. ANALYTIC TREATMENT OF MODELS.
By now several types of systems with features in com-
mon with the ones we shall discuss have been analyzed:
a) Bose condensates of atoms in wells,[5]-[7]; b) polar-
ization exchanges in collisions of high intensity photon
beams [8]; c)“Fast” neutrino flavor transformation at the
supernova neutrino-sphere [9]-[23]; d) A cloud of very
long wavelength gravitons at very high number density
(in vacuum otherwise) transforming to photon pairs in a
time proportional to G−1, not as G−2 [24].
Based on this experience, we state requirements for our
work:
A. Mean field
We require there to be a sensible mean-field theory of
the phenomena. The standard formulation as given in
detail by Raffelt and Sigl [4] is the background for every-
thing we do. But it will be modified in what is to follow,
in which the vector four-Fermi coupling is replaced by a
scalar coupling. Then in ν+ν ↔ ν¯+ ν¯ the reactions pro-
ceed with all of the ν, ν¯’s staying within the left-handed
sector. The basic variables are ν¯ckνj and ν¯kν
c
j , quadrat-
ics in the neutrino fields, with j, k as flavor indices. The
notation νcj stands for the charge-conjugate field.
B. Instability
Within the standard mean field context, if we begin
with a pure unmixed flavor state, it is clear that noth-
ing whatever would happen. But once the mass (i.e. ν
oscillation) terms begin to mix states, then a lot may
happen in a very short time, at least in the much-studied
vector-coupled case. Analytically we can distinguish such
cases by linearizing the non-linear equations of evolution,
through taking the diagonal matrices in flavor space as
fixed at their initial values. In the usual neutrino case
we then may find exponentially growing modes signaled
by the real parts of the eigenvalues of a simple matrix.
In the usual vector coupling case, the driving instability
exists only in the case of certain initial angular distribu-
tions and spectra. In contrast, in the ν + ν ↔ ν¯ + ν¯ case
the driving instability will be present for any angular dis-
tribution, at least in the case in which we have near per-
fect particle-antiparticle symmetry of the medium. But
if we start with a flavor-diagonal initial state the system
needs a tiny seed from somewhere in order to exploit the
instability.
C. Quantum break
Taking the neutrino masses as the seed for the insta-
bility in all of the “fast transformation” literature for
the standard vector coupled case obscured a fascinating
fact, namely that the same fast processes for the unsta-
ble cases would have turned themselves on anyway, even
in the absence of neutrino oscillations, and on nearly the
same time scale, through a “quantum break”. That term
was used, for example, in a classic article on Bose conden-
sates of atoms in wells [5]. The question then addressed
was: when, in the context of mean-field theory, we find a
system that is in unstable equilibrium, how do we formu-
late the theory of the fluctuation that gives it a push to
get it moving? Our test system of quantum fields spread
out over a macroscopic region that contains 1030 particles
is far different from 100 atoms in a well, but the methods
that can be applied are related.
In our new application of similar ideas to the scalar
interaction ν + ν ↔ ν¯ + ν¯ the quantum break becomes
an indispensable necessity, because we are not introduc-
ing a lepton-number breaking interaction that mixes ν
and ν¯ on a single-particle basis, which otherwise could
have provided a seed for the instability. We shall de-
velop a modified form of mean-field theory that provides
a solution that withstands testing in soluble systems of
N ≤ 1000 neutrinos, over the time scale that we need to
consider. Then, with fingers crossed, and some consis-
tency checks, we apply it to systems with 1030 ν’s.
3. SOLUTIONS
We are working toward describing the development of
systems containing e±, ν, ν¯, and photons, and which em-
body perfect particle-antiparticle symmetry and isotropy.
But we consider only time intervals that are short on
the scale of free paths for scattering, and in which the
neutrino-neutrino interactions, if unstable, can dominate
the dynamics. And in calculating coherent effects we
must trace what each quantum state of the multi-particle
system does, before adding up to see how the statistical
ensemble (which is where the isotropy, e.g., is encoded)
evolves.
We begin by considering a beam of νe’s in a narrow
angular cluster impinging on another beam of νe’s to
make reactions, 2νe ↔ 2ν¯x, where νx is another active
flavor. Let aj be the annihilator for νe with momentum
~pj in one incident νe beam and b
k the annihilator for a
state ~qk in the opposed νe beam; with c
j , dk being the
annihilators for the same two momentum states of the
ν¯x system. Now we wish to take the piece of the four-
Fermi interaction that is the local limit for the processes
νe + νe ↔ ν¯x + ν¯x when the intermediate scalar meson
mass is large compared to the neutrino energies (eq. 1.1
of [3] ) and express the answer in terms of the operators
3a, b, c, d.
We define the bilinears σj+ = c
†
jaj for j = 1 to N , and
τk+ = d
†
kbk, for k = 1 to N , together with their Hermitian
conjugates, σj−, τ
k
−. We shall also use ~σ
j , ~τ k as sets of
3-vectors that separately have the commutation relations
of independent Pauli spin matrices, e.g. [σj+, σ
k
−] = δ
j,kσj3
etc.
From these we construct an effective Hamiltonian that
embodies the action of the coupling through the scalar
meson intermediary as long as the mass of the scalar is
large compared to the neutrino energies,
Heff =
2piG
V
N∑
j,k
[
σj+τ
k
+ + σ
j
−τ
k
−
]
(1− cos θj,k) . (1)
The above form embodies terms from the interaction
Lagrangian −LI of eqn. 1.1 in [3], but simplied by taking
all flavor-diagonal couplings of the scalar field to vanish,
and coupling only to a single pair of neutrinos, νe, νx.
This produces not only the terms in (1) but some ad-
ditional additional terms that we believe do not affect
the qualitative behavior in the large N limit. The latter
terms, in sum, can be shown not to contribute to results
in the large N limit, and we omit them here.
However, for the sake of being sure in this first look at
this category of model, we change the framework slightly
to rid ourselves of these terms, which are unwanted com-
plications at their least. We take a complex scalar field,
Φ to mediate the interaction, massive on the scale of the
energies, with coupling, where the coupling is,
Lint = gi,j ν¯ciL νj,lΦ + gi,j ν¯iL νcj,lΦ∗ (2)
exactly as in ref. [3], eq. 1.1, and then specializing to the
case g1,2 = g2, 1 =
√
G , g1,1 = g2,2 = 0. Now (1) needs
no supplementation. Note that in (2) i and j are flavor
indices while in (1) they are momentum labels.
Because we are extracting only the part in which mo-
mentum flows as ~p + ~q → ~p + ~q for particles that are
nearly massless, kinetic energy is conserved and the ki-
netic term in the Lagrangian is irrelevant. The answer
above is independent of the absolute values of momen-
tum that enter. But the directions (in whatever frame we
choose for the calculation) enter only through the final
factor in (1) where cos θj,k = ~pj · ~pk/(|pj ||pk|).
Our plan is first to solve the model numerically, but
precisely, for the simplest case of head-on collision of two
beams; this for the largest number of particles our modest
computer resources can manage. Next we shall test the
mean-field (MF) approaches (which are to come) that
will be applied to cases with orders of magnitude more
particle number. Finally we shall shift from two clashing
beams to spherically symmetric initial distributions.
For the head-on case we replace the angular factor
in (1) by 2. Then we sum over a set of momentum
magnitudes indexed by j, k to define collective operators
~σ = N−1/2
∑N
j ~σ
j etc, and a Hamiltonian
Heff = 4pinG[σ+τ+ + σ−τ−] , (3)
where n = N/V is the neutrino number density. The sets
σ±, σ3, τ±, τ3 still have the commutation rules of Pauli
matrices; that is of angular momentum matrices times
two. With the same number N of νe’s initially moving in
the +zˆ direction and of ν¯e’s in the −zˆ directions, there
is a single ladder of states connected by the interaction
(1). Taking k as the index for the number of νx pairs that
have been created from our initial state with a prescribed
set of momenta we have the matrix elements
〈k + 1|Heff |k〉 = gk(N − k + 1), (4)
for k = 1, ...N + 1, where g = 4piGV −1. For small val-
ues of N we can easily solve the Schrodinger equation
based on (4), numerically, to find the time dependent
wave function of the system. We define the retention
amplitude,
ζ(t) = N−1〈Ψ(t)|(1/2 + σ3/2)|Ψ(t)〉 , (5)
In fig. 2 we plot results for ζ(s) for a series of three N’s
spaced by powers of 4 from N=64 to 1024 as a function of
scaled time s = (gN)−1t. As N is increased, the system’s
behavior will be to sit there for a longer time organizing
itself, then making a sudden total turnover; that is as
switch from particles of one flavor to anti-particles of the
other. The actual turn-over time, in view of the scaling,
is of the order of (nG)−1, in contrast to a mean free time
for scattering that is of order (nG2E2)−1, where E is the
energy scale of the cloud.
Those remarks ignore the steady march to the right
as N is increased in the curves shown in fig. 2; they are
the hint of an additional log[N ] dependence that we shall
verify in the mean field approach.
In the ordinary mean-field approach the Heisenberg
equations for the operators are easily constructed as,
σ˙+ = ng τ− σ3 , τ˙+ = ng σ− τ3 ,
σ˙3 = −τ˙3 = 2ng(σ+ τ+ − σ− τ−) . (6)
The conventional mean field assumption (though the au-
thors of ref.[4] do not phrase it quite in our terms) is that
the operator equations (6), are valid for the c-number ex-
pectations of the various operator products in the equa-
tions, 〈AB〉 = 〈A〉〈B〉. But it is obvious that when we
begin with pure flavor states, σ+(0) = 0, τ+(0) = 0,
σ3(0) = −N , τ3(0) = N , then nothing at all happens at
the mean field level; the system stays exactly where it
is. On the other hand if we look just at the two coupled
equations for σ+(t), τ+(t) keeping τ3 = σ3 = N as fixed
at the initial values, we see that a small perturbation in
δ will grow at a rate proportional to exp[nGt]. The in-
stability that is required for fast turnover is there. But
the formalism has not supplied the break.
4FIG. 2:
Dashed curves: retention probability ζ(s)in the wave
function solution. Solid curves: the same in the
corresponding MMF solutions, with their N values
identifiable by their coalescence with the corresponding
dashed curves for small scaled time s. ζ = 0 indicates 100%
flavor exchange between the two beams
4. MODIFIED MEAN FIELD APPROXIMATION
AND QUANTUM BREAK
The key to extending the MF approximation, as was
done in the atomic physics problems of ref. [5] and also
for the collisions of circularly polarized protons with each
other enabled through the Heisenberg-Euler coupling, in
ref. [10], is first to write equations of motion for some
products of our basic operators. In our case we choose
combinations like σ+τ+. Now the right-hand-sides will
contain higher order polynomials in the fields. We can
then try judiciously to close the system through factor-
izations of the generic forms 〈ABC〉 → 〈AB〉〈C〉.
The authors of ref. [5] invoke references to BBGKY
hierarchy in their description of their method, which is
akin to ours, although the present author might say “not
even that”, in the belief that it is much less than a quan-
tum field theoretic form of what N. N. Bogolyubov had
in mind [25].
Beginning with the operators defined in the last section
~σ for the p stream and ~τ for the q stream, and before
rescaling, we define X = σ+τ+, Y = σ+σ− + τ+τ− . We
rename σ3 = τ3 = Z (their equality being chosen in the
initial condition, and then maintained throughout).
The Hamiltonian is now
Hg,γ =
8piNG
V
[X +X†] , (7)
and the Heisenberg equations of motion are,
iX˙ =
8piG
V
(ZY − Z2) ,
iY˙ =
16piG
V
Z(X† −X) ,
iZ˙ =
16piG
V
(X −X†) . (8)
The Z2 term in the first equation comes from a second
commutation to get operators into the correct order; im-
plicitly it carries an additional power of h¯ and is the
source of the “quantum break” to come. Our modified
mean field method (MMF) is to replace each of the opera-
torsX,Y, Z in (8) by its expectation value in the medium,
thus implicitly assuming that, e.g, 〈ZY 〉 = 〈Z〉〈Y 〉.
Next we do a rescaling in which each one of the single
particle operators a, b, c, d, a†... is redefined by extracting
a factor of N1/2, so that x = X/N2, y = Y/N2, z = Z/N
and at the same time defining n = N/V , the number
density, and the scaled time variable, s, according to
s = 8piGnt, where n=the number density N/V of each
beam.
The rescaled equations are,
i
dx
ds
= zy − z2/N ,
i
dy
ds
= 2z(x† − x) ,
i
dz
ds
= 2(x− x†) , (9)
and the rescaled initial condition (all νe’s at the begin-
ning, say) is z(s = 0) = 1. The value z(s) = −1 signifies
a complete transformation to νx’s. The retention frac-
tions ζ(s) = (z(s) + 1)/2 calculated from the solutions
of (9) are plotted against scaled time, shown as the solid
curves in fig. 2 for the same three values of N used in
that plot. We see an excellent fit at early times, in view
of the fact that there are no free parameters, as the re-
tention ζ(t) decreases from unity to .75 . After that there
is qualitative agreement down to the turn-around. There
is also a hint that the fit is improving for higher values
of N .
We can also use the authoritative solutions of the pre-
ceding section to explore solutions of the ordinary mean
field equations (13) of the last section, where we have
to provide some kind of seeding in order to make any-
thing happen at all. We find that initial values of order
σ+(s = 0) ≈ τ+(s = 0) ≈ ±N−1i give a point of ζ ≈ 0
at about the same time as found from the modified MF
solutions for the three plotted cases, though not fitting
the shape as well for the earlier times.
In the modified mean-field approach we can extend
the calculations to much higher vales of N, provided the
beams have very small angular dispersion. Plots are
shown in fig. 3.
5. MULTI-BEAM SOLUTIONS, ISOTROPY
In the application to the early universe we seek the
behavior for completely isotropic initial distributions and
in view of the (1−cos θ) factor in the effective interaction,
we might expect, at the least, some diminution of the
effect. In addressing this situation we take a forest of
angles, for Nb different incident beams, each with Na
5FIG. 3:
The same as fig.2, except only the MMF solutions, for a
series of higher values of N.
neutrinos distributed uniformly in elements of solid angle
d cos θ dφ. This translates into an effective interaction,
Heff =
4piG
V
Nb∑
j,k
[σj+σ
k
+ + σ
j
−σ
k
−]λj,k ,
(10)
where the λj,k = (1− cos θj,k) for the rays j and k.
The equations for the operators at the MF level involve
the variables σj+, τ
j
+ and σ
j
3 = τ
j
3 , and pose no particu-
lar problem in solution, but require seedings of the form
σj+(0) = ±1/ (NaNb)−1. In the special case in which half
of the beams are in one direction and the other half are
in the opposite direction we can roughly confirm this at
the MMF level (with very small Na’s and Nb’s). But the
MMF equations, even for Nb = 25 which we use in our
angular simulation in which each cell Nb uses the same
fraction of the total solid angle, are too numerous for our
computer.
In comparing the head-on beams scenario with the
isotropic scenario, we shall calculate both in the MF
method, with the same seeding algorithm, so that that
the comparison is unbiased. There is in fact no discern-
able difference in the computational results for the two
cases in a 25 angle simulation, and we are reassured that
our effects will persist in an isotropic system.
When GnνT >> 1 we find complete homogeniza-
tion of flavors and their spectra. Choosing G = 3 ×
10−6(MeV )−2 as in the model of ref. [3], and at the
mean neutrino number densities in the decoupling era,
nν ≈ 1. MeV 3 we find that the time needed for ho-
mogenization is of the order of T = 10−5 sec. Indeed,
if we were seriously considering models with such rapid
transformation, our first concern would be the potential
gross effects, coming from the leveling the neutrino field
already in the T > 1MeV era, and possibly leading to
signigicant changes in the temperatures of the different
components that prevail after e+ e− annihilation, as well
as to the neutron-proton ratio.
In the present paper, devoted to method, we shall not
attempt to estimate these effects. But it does seem possi-
ble that adiabaticity and entropy conservation are endan-
gered, exactly in the region needed to get the beautiful
result T/Tν = (11/4)
1/3.
6. ADDING MIXING WITH A STERILE
NEUTRINO, νs.
As an application of the structures that we have been
developing, we add an ordinary νe-νs mixing term to
the system. We revert to the head-on clashing “mono-
energetic” beam model for the active neutrino clouds, in
this first pass at a new problem. The single particle anni-
hilation operators, as in sec.1, were a, c for the first beam
and b, d, leading to the quadratics ~σ and ~τ , expressed as
σ±, σ3. To add mixings of, say, νe with a sterile νS we will
need introduce the annihilators r, s for a sterile νsin the
up or down beam respectively and four new operators,
σj+ = c
†
ja , τ
j
+ = d
†
jb ,
σj3 = a
†
ja− c†jc , τ j3 = b†jb− d†jd ,
ζj+ = a
†
jsj , ζ
j
3 = a
†
jaj − s†jsj ,
ρj+ = c
†
jsj , ρ
j
3 = c
†
jcj − s†jsj ,
ηj = s†jsj .
(11)
The Hamiltonian is given by (1) with an added active-
sterile mixing term,
Heff =
2piG
V
∑N
j,k
[
σj+τ
k
+ + σ
j
−τ
k
−
]
(1− cos θj,k)
+ms
∑N
j [sin θs,e(ζ
j
+ + ζ
j
−) + η
j ] ,
(12)
where θs,e is the mixing angle for νe and νs mixing. For
simplicity, we shall take no mixing coupling between νx
and νs. Following the previous path, we find Heisenberg
equations for the collective variables that can be defined
in the case of the two head-on clashing beams, where
(1−cos θj,k) = 2 for all j, k. The eight coupled equations
are,
iσ˙+ = g τ− σ3 − gsρ+ , iτ˙+ = g σ−τ3 − gsξ+ ,
iσ˙3 = 2g(σ+ τ+ − σ− τ−) + gs(ζ+ − ζ−) ,
iτ˙3 = 2g(σ+ τ+ − σ− τ−) + gs(η+ − η−) ,
iρ˙+ = −gζ+τ+ + gsσ+ +msρ+ ,
iζ˙+ = −gτ−ρ+ + gsζ3 +msζ+ ,
iζ˙3 = g(σ+ τ+ − σ− τ−) + 2gs(ζ+ − ζ−) +msp ,
iη˙ = gs(ζ
† − ζ) , (13)
where we take g = 4pinνG, gs = ms sin θs,e.
We follow the basic mean field approach, in which the
initial value of each one of the variables is replaced by
6its expectation value. At the present time we are not
able to follow the modified mean-field approach because
of computer limitations and a much larger equation set.
Earlier we discussed the alternative of seeding the initial
values, σj±(t = 0) = ±i/N , and similarly for τ j±(t = 0),
which should give approximate results. In our example,
for a pure νe gas, we have σ3(t = 0) = 1, τ3(t = 0) = 1
after the rescalings used earlier.
Fig. 4 shows a specific example of a solution to the
system for an initial state that is pure νe in both direc-
tions, with sterile mixing angle sin2 θs,e = 10
−5. It shows
active-sterile transitions stimulated by the νe, νx mixing
that was the focus of the body of this paper. Note that it
is at the first point of the dip in the νe retention ζ(t) (the
“break”) that the sterile mixing ties into the instability.
It then grows steadily until reaching the next break.
FIG. 4:
Solid curve: retention amplitude, ζ(t), of an initial state
with clashing νe beams, adding mixing with a sterile
neutrino (with sin2(θe,s) = 10
−5.) Dashed curve: 5η(t)
where η is the average amplitude for νs in one of the states
j. Dotted curve at bottom: the extension of the retention
amplitude (solid curve) when coupling to sterile flavor is
turned off. Time, t, is in arbitrary units.
The conventional description of sterile neutrino pro-
duction at early times, e.g. in ref.[1] involves the slow
development of transformed amplitude in the form of
an oscillation with amplitude sin θs,e, then adding a bit
of sterile permanently after a scattering event destroys
phases, with tiny probability sin2 θs,e. We have proposed
instead a mechanics whereby sizable fractions of both the
νe’s and νx’s transformations are changed into sterile in
a distance much less than the scattering mean free path,
and this in the same underlying theory.
In the above simulation, as far as we plotted it, ampli-
tude mixings into the sterile mode were approaching 10%,
and number conversions therefore of order 1 %. The com-
putational program, when extended in time, shows the
number growing continuously, while the back and forth
oscillations between νe’s and νµ’s continue at an even
faster rate. But it would be naive to believe any mean
field approach over a domain in which so many drastic
changes take place. It is far more likely, in the author’s
opinion, that a large conversion can happen through the
agency of repeated smaller events. If we look at a thermal
neutrino number density of say , 10[MeV]3 in the decou-
pling region and the choice from [3], G = 10−5[MeV]−2
for the scalar coupling constant of the two νe to the two
νx, we could get a 1% conversion to sterile in10
−6 cm.
What was required in order to make this at all possi-
ble is first to have the fast transformation mechanics from
the instability at the mean-field level. The principles of
this part appear to be well established in several applica-
tions, though no doubt unfamiliar to cosmologists. But
the ability of the fast flavor oscillation in the active-ν
sector to entrain the otherwise very slowly growing ster-
ile fraction and then coherently usher it to macroscopic
significance on the fast time scale is a novel possibility.
If we now speculate that this approach could provide a
very fast way of populating the universe with dark matter
by producing mass =1 KeV sterile neutrinos during the
conventional neutrino decoupling era, we must go very
carefully in view of the fact that a 5 MeV beam maintains
it’s phase coherence (in the context that we discussed
earlier), for only about 10 meters.
But these speculations are now getting ahead of our
abilities to systematically check ideas with our computa-
tionally based methods. For example, if we think about
going from the clashing-beam description to isotropic dis-
tributions in the above calculation and at the same time
beginning in a particle-antiparticle symmetric medium
(zero neutrino chemical potential) and with the number
of νe’s equal to the number of νx’s , the first thing we
might say is: “Now nothing can happen. The νe + νe ↔
ν¯x + ν¯x mechanism does not act to change this state at
all, since at the same time we had an equal number of
ν¯x’s transformed back to νe’s.”
To understand why this reasoning does not apply
to our calculation, consider the momentum states that
enter the calculation. Let us take the initial state as a
single one the states of an equilibrium Fermi gas, and
divide it into the four flavor groups: with momenta
respectively given by,
A. νe, q1,q2....qN B. νx, p1,p2....pN
C. ν¯e, r1, r2....rN D. ν¯x, s1, s2...sN
The initial momentum distributions in each set are de-
rived from Fermi distributions with zero chemical poten-
tial (for particle-antiparticle symmetry). Then, indepen-
dently of the temperature (as long as it is relativistic),
we have a probability (−pi2/9 + ζ[3])/ζ[3])<.1 that the
momentum of a randomly drawn state, say from group
A matches any of the momenta in group D. These sets
are nearly disjoint, for a typical throw of the dice, and
the small minority of overlapping states can be written
off as duds.
Thus after a time a particular initial νe particle of mo-
mentum pi gets transformed into a ν¯x in the course of its
7odyssey, and in the equilibrium state of the system gets
replaced by a νe produced from an initial ν¯x. But that
latter νe is in a different momentum state (most of the
time). A particular sterile νs state couples only to the
νe state of the same momentum in the above dynamical
scheme. In following a particular momentum mode we
shall see its flavor execute big nonlinear oscillations in
time, which is what makes that same mode of the sterile
field grow. And this will be true even if the system starts
out in flavor equilibrium.
Of course we need to assure ourselves that (almost)
each of the throws of the dice (to get a particular initial
configuration), produces roughly the same curves. As
long as we are considering spherically symmetric distri-
butions (in a preferred frame) this is true. It is a partic-
ular consequence of the local four-Fermi coupling, where
there is only angular dependence, [1 − cos θj,k] (in turn
dominated by the 1) rather than both energy and angle
dependence.
7. DISCUSSION
Everyone understands that in an interaction of a
photon with a cloud of neutral particles, the index-of-
refraction correction is proportional to the forward scat-
tering amplitude, and that there will be situations in
which it makes important and observable consequences
over distances orders of magnitude less than (cross-
section × number density)−1.
In the generalization to clouds of massless interacting
particles that interact with each other, and the particles
have some set of flavors (e,x,e¯, x¯ in the present neutrino
case) we have a multiplicity of two body reaction chan-
nels in which flavors change, or which momentum goes
with which flavor changes, while the set of momenta of
the whole swarm stays the same. Then one finds an in-
stability leading to exponential growth of perturbations,
and a time-scale for total mixing of order G−1, where G
is the four-Fermi coupling.
Of course, actual neutrinos have mass, and the above
will be limited to distances D less than (m2ν/|~p|)−1, in
order to maintain coherence. Followers of the neutrino
physics calculations in the type-2 supernovae calculations
will remember a “fast transformation” possibility for that
system as well, where the coupling was through Z meson
exchanges. But that demanded rather specific attributes
of the initial flavor and angular distributions. In contrast,
in the scalar coupling model used in ref [3] and in the
present paper, the instabilities are ubiquitous. We expect
them to dominate, as long as the scalar coupling constant
is greater than GF .
If we were carrying on from here, our first concern
would be the potential gross effects, coming from the lev-
eling the neutrino field already in the T > 1MeV era, and
possibly leading to substantial changes in the tempera-
tures of the different components that prevail after e+ e−
annihilation; and to changes in the neutron-proton ratio,
and the effective neutrino number. But in the present pa-
per, devoted to method, we do not attempt to estimate
the magnitudes of these effects.
We return to the more limited question posed in the
introduction, “What would the effects on the outgoing
neutrino spectra and flavor-balance be, given our treat-
ment of exactly the ν + ν ↔ ν¯ + ν¯ process as de-
scribed in [3], but with no account of the back reaction
on other physics of the era.” The answer is: complete
equilibration of flavors and energies in the entire range
10−10 < G2 < 3 × 10−6MeV−2. For values moderately
less than 10−10 it could still do the job, depending on how
it coexists with the purely refractive part of the standard
model interactions. That is to say: the transformations
would still be very fast compared to the scattering rate.
Therefore the issues raised in sections 1-5, should be
further explored with respect to all of the conclusions of
ref. [3],[1] and other work on the effects of ν+ ν ↔ ν¯+ ν¯
in the decoupling era. The results of the sec. 6 discussion
are still completely provisional, as to possible relevance
to promising models of sterile neutrinos to dark energy,
due both to our computational shortcomings, and the
several novelties in our approach, which need to be better
evaluated.
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